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Íåñêîëüêî ñëîâî î ñåáå

I Ïðåïîäàþ ìàòåìàòèêó, â ðàçíûõ ôîðìàõ, ñ 1975 ãîäà.

I Ïðåïîäàâàë â Ðîññèè, ñ 1990 � â ÑØÀ, Àíãëèè, Òóðöèè.

I Â Ìàí÷åñòåðå, áîëåå 10 ëåò � íà Ïîäãîòîâèòåëüíîì
Îòäåëåíèè: äî 400 ñòóäåíòîâ ñî âñåãî ìèðà (ìíîãî
êèòàéñêèõ); áðèòàíñêèå � íå èçó÷àëè èëè çàâàëèëè
ìàòåìàòèêó â ñòàðøåé øêîëå.

I Ó÷èë ñòóäåíòîâ âñåãî ñïåêòðà ñïîñîáíîñòåé.

ß áóäó ãîâîðèòü î ïðîáëåìàõ, ñóùåñòâåííûõ äëÿ âñåõ
èíäóñòðèàëüíî ðàçâèòûõ ñòðàí.
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Ïîëíûé öèêë âîñïðîèçâîäñòâà ìàòåìàòèêè

øêîëà → óíèâåð → ïîäãîòîâêà ó÷èòåëåé → ñíîâà øêîëà

ÑØÀ, Àíãëèÿ, Òóðöèÿ: íèêòî íå ñìîòðèò íà öèêë â öåëîì.

Êàê ïðàâèëî, öèêë ðàçîðâàí è äèñôóíêöèîíàëåí.
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Íàâûêè

I Ñëîâî ¾íàâûêè¿ ïîä÷åðêèâàåò èõ ïðèáðåòåííûé
õàðàêòåð.

I Èìåþòñÿ â âèäó íàâûêè, êîòîðûå î÷åíü æåëàòåëüíî
ðàçâèòü íà êàêîì-òî ýòàïå èçó÷åíèÿ ìàòåìàòèêè, ÷òîáû
óñïåøíåå äâèãàòüñÿ äàëüøå.

I Íàâûê � ýòî

ñêëîííîñòü
ãîòîâíîñòü

ñïîñîáíîñòü
èíòåðåñ

 ê îïðåäåëåííûì ïîäõîäàì ê ìàòåìàòèêå.

ß ïðèâåäó òîëüêî îäèí ïðèìåð. Îí äàæå íå óïîìèíàþòñÿ â
àíãëèéñêîé ñèñòåìå îáðàçîâàíèÿ.
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Âèäåíèå ìèðà
Èãîðü Âëàäèìèðîâè÷ Àðíîëüä (1900�1948) :

20 çàäà÷, ðåøàþùèõñÿ äåéñòâèåì 3 − 1 = 2

1. Ìíå äàëè òðè ÿáëîêà, ÿ ñúåë îäíî èç íèõ. Ñêîëüêî
îñòàëîñü?

2. Òð¼õìåòðîâûì øåñòîì íàùóïàëè äíî, ïðè÷¼ì íàä óðîâíåì
âîäû îñòàëñÿ 1 ì. Êàêîâà ãëóáèíà?

3. Òàíÿ ñêàçàëà: ó ìåíÿ íà 3 áðàòà áîëüøå, ÷åì ñåñò¼ð. Íà
ñêîëüêî â Òàíèíîé ñåìüå áðàòüåâ áîëüøå, ÷åì ñåñò¼ð?

4. ×àñ íàçàä ïîåçä äîëæåí áûë ïðèáûòü íà ñòàíöèþ. Íî îí
îïàçäûâàåò íà 3 ÷àñà. Êîãäà îí ïðèáóäåò?

5. Ñêîëüêî ðàñïèëîâ íàäî ñäåëàòü, ÷òîáû ðàñïèëèòü áðåâíî
íà 3 ÷àñòè?

È ò.ä. . . .
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Âèäåíèå ìèðà

Ýòè çàäà÷è î ñîâåðøåííî ðàçíûõ îòíîøåíèÿõ ìåæäó îáúåêòàìè
ðåàëüíîãî ìèðà, âåëè÷èíàìè, êîëè÷åñòâàìè.

È.Â. Àðíîëüä:

Îáó÷åíèå àðèôìåòèêå âêëþ÷àåò â êà÷åñòâå îäíîãî èç

îñíîâíûõ ýëåìåíòîâ âîñïèòàíèå

óìåíèÿ îðèåíòèðîâàòüñÿ â ðàçëè÷íûõ ïî ñâî-

åé êîíêðåòíîé ïðèðîäå âçàèìîîòíîøåíèÿõ ìåæäó

âåëè÷èíàìè.
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Âèäåíèå ìèðà

È.Â. Àðíîëüä ôîðìóëèðîâàë êàê îäíó èç çàäà÷ îáó÷åíèÿ:

âîñïèòàíèå óìåíèÿ îðèåíòèðîâàòüñÿ â ðàçëè÷íûõ

ïî ñâîåé êîíêðåòíîé ïðèðîäå âçàèìîîòíîøåíèÿõ

ìåæäó âåëè÷èíàìè.

Ýòî òîëüêî ïåðâûé øàã áîëåå ñåðüåçíîé çàäà÷è:

âîñïèòàíèå óìåíèÿ âèäåòü ìàòåìàòè÷åñêèå

ñòðóêòóðû ìèðà.

Ïîçæå, ¾ìèð¿ ñòàíåò íå òîëüêî ñîöèàëüíûì è ôèçè÷åñêèì, íî
è ìàòåìàòè÷åñêèì.
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Âèäåíèå ìèðà

È.Â. Àðíîëüä:

Ñàìûé ìåòîä ¾àðèôìåòè÷åñêîãî ðåøåíèÿ çàäà÷è¿

îòëè÷àåòñÿ îò àëãåáðàè÷åñêèõ ïðè¼ìîâ â ïåðâóþ

î÷åðåäü òåì,

÷òî íà âñåõ ñòàäèÿõ ðàññóæäåíèÿ âñå ñîïîñòàâëåíèÿ è

ïðîèçâîäèìûå äåéñòâèÿ

äîïóñêàþò ñîâåðøåííî íàãëÿäíîå è êîíêðåòíîå,

îñìûñëåííîå â îáëàñòè òåõ âåëè÷èí, î êîòîðûõ

èä¼ò ðå÷ü, èñòîëêîâàíèå.
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Âèäåíèå ìèðà

Âàäèì Àíäðååâè÷ Êðóòåöêèé (1917�1991) âûäåëÿë:

. . . ñêëîííîñòü íàõîäèòü ëîãè÷åñêèé è ìàòåìàòè÷å-

ñêèé ñìûñë âî ìíîãèõ ÿâëåíèÿõ äåéñòâèòåëüíîñòè è

îñîçíàâàòü èõ â ïëàíå

ëîãè÷åñêèõ è ìàòåìàòè÷åñêèõ êàòåãîðèé.
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¾Ïðîñòàÿ¿ ìàòåìàòèêà

Èçðàèëü Ìîèñååâè÷ Ãåëüôàíä (1913�2009):

Âñåãäà íà÷èíàé ñ ðàññìîòðåíèÿ ñàìîãî ïðîñòîãî

ïðèìåðà � íî âûæèìàé èç íåãî âñå äî êàïëè.

I ¾Ïðîñòûå¿ îïðåäåëåíèÿ, ðàññóæäåíèÿ, âû÷èñëåíèÿ � ýòî
òå, ãäå âñå ïðîìåæóòî÷íûå ñòðóêòóðû è çíà÷åíèÿ èìåþò
íåïîñðåäñòâåííûé ñìûñë â óæå îñâîåííîé, ñòàâøåé ñâîåé,
÷àñòè ìàòåìàòè÷åñêîãî ìèðà.

I Ýòî êàê â àðèôìåòèêå ïî Àðíîëüäó, íî òîëüêî
¾àðèôìåòèêà¿ áîëåå âûñîêèõ óðîâíåé.
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Ìàòåìàòèêà äëÿ âñåõ

È.Ì. Ãåëüôàíä:

Ìàòåìàòèêó ìîãóò ïîíèìàòü êòî óãîäíî, äàæå

àëêàøè íà ñêàìåéêå âîçëå âèíî-âîäî÷íîãî, íàäî

òîëüêî ïðàâèëüíî ñ íèìè ðàçãîâàðèâàòü.

Åñëè èõ ñïðîñèòü: ÷òî áîëüøå,
2

3
èëè

3

4
� îíè ïîøëþò

òåáÿ ïîäàëüøå.

À åñëè ñïðîñèòü, ÷òî ëó÷øå, 2 áóòûëêè íà 3-èõ èëè 3

íà 4-ûõ, îíè ñðàçó îòâåòÿò � êîíå÷íî, 3 íà 4-ûõ!
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Ìåäèàíòà

Åñëè a, b, c , d > 0 è
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Ðîëü ÈÒ

Áûëî êîãäà-òî â âûïóñêíîì êëàññå, 1950-å � ðàííèå 1960-å:

"Ïîëó÷èòü ðåøåíèå â âèäå óäîáíîì äëÿ

ëîãàðèôìèðîâàíèÿ"

Íàäî áóäåò, åùå ïðè ïåðåõîäå îò àðèôìåòèêè ê àëãåáðå :

"Ïîëó÷èòü ðåøåíèå â âèäå óäîáíîì äëÿ

ïðîãðàììèðîâàíèÿ"

Ïðîãðàìèðîâàíèå � íà ñïåöèàëüíîì èãðóøå÷íîì ÿçûêå âðîäå
Scratch � îáúåêòíî-îðèåíòèðèâàííûé ÿçûê (âñå:
îáüåêòû), õîðîø äëÿ ìàëûøåé. Äëÿ àëãåáðû íóæåí ïðîñòîé
ÿçûê ôóíêöèîíàëüíîãî ïðîãðàììèðîâàíèÿ (âñå:
ôóíêöèè).
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Ðîëü ÈÒ

Áûëî êîãäà-òî â âûïóñêíîì êëàññå, 1950-å � ðàííèå 1960-å:

"Ïîëó÷èòü ðåøåíèå â âèäå óäîáíîì äëÿ
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"Ïîëó÷èòü ðåøåíèå â âèäå óäîáíîì äëÿ
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Ïðîãðàìèðîâàíèå � íà ñïåöèàëüíîì èãðóøå÷íîì ÿçûêå âðîäå
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ÿçûê ôóíêöèîíàëüíîãî ïðîãðàììèðîâàíèÿ (âñå:
ôóíêöèè).
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Ðîëü ÈÒ

Áûëî êîãäà-òî â âûïóñêíîì êëàññå, 1950-å � ðàííèå 1960-å:
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Ïðîãðàìèðîâàíèå � íà ñïåöèàëüíîì èãðóøå÷íîì ÿçûêå âðîäå
Scratch � îáúåêòíî-îðèåíòèðèâàííûé ÿçûê (âñå:
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ôóíêöèè).
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Çàäà÷à ñ ñàéòà Khan Academy
Ãóëüíàðå íóæíî ïîëó÷èòü â 7 òåñòàõ â ñðåäíåì ïî 78

î÷êîâ. Â ïåðâûõ 6 òåñòàõ îíà ïîëó÷èëà â ñðåäíåì ïî 87

î÷êîâ. Ñêîëüêî î÷êîâ åé åùå íàäî íàáðàòü â ïîñëåäíåì

òåñòå?

Ïîäñêàçêè íà ñàéòå Khan Academy:
1. Ñðåäíÿÿ îöåíêà â ïåðâûõ 6 òåñòàõ ðàâíà 87, ïîýòîìó
ïîëó÷åíî 6× 87 = 522 î÷êîâ.
2 Åñëè Ãóëüíàðà ïîëó÷èò x î÷êîâ â 7-ì òåñòå, åå ñðåäíÿÿ
îöåíêà çà 7 òåñòîâ áóäåò

522+ x

7
.

3. Ýòî ñðåäíåå äîëæíî áûòü ðàâíî 78, ïîýòîìó

522+ x

7
= 78

4. x = 24.
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Ðåøåíèå ñòàðèííûì ðóññêèì ¾ìåòîäîì âîïðîñîâ¿

1. Ñêîëüêî âñåãî î÷êîâ íàäî ïîëó÷èòü Ãóëüíàðå?

7× 78.

2. Ñêîëüêî î÷êîâ ó íåå óæå áûëî?

6× 87.

3. Ñêîëüêî î÷êîâ åé íàäî ïîëó÷èòü â ïîñëåäíåì òåñòå?

7× 78− 6× 87.
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Ðåøåíèå ¾ñâåðõó âíèç¿

1. À ÷òî ýòî çíà÷èò, ¾åùå íàäî¿?
Ðàçíèöà ìåæäó òåì, ÷òî íàäî, è òåì, ÷òî óæå áûëî. Ýòî
óæå ìîæíî çàïèñûâàòü êàê ïåðåìåííûå:

ÅùåÍàäî = ×òîÍàäî− ÓæåÁûëî

2. È ñêîëüêî ýòî, ¾÷òî íàäî¿?

×òîÍàäî = ÍàäîÂÑðåäíåì× ÍàäîÒåñòîâ

3. È ñêîëüêî ¾óæå áûëî¿?

ÓæåÁûëî = ÁûëîÂÑðåäíåì× ÁûëîÒåñòîâ

È âîò êîä äëÿ ðåøåíèÿ ëþáîé çàäà÷è òàêîãî òèïà, íàäî òîëüêî
äîáàâèòü îïåðàòîðû ââîäà-âûâîäà:

ÅùåÍàäî = ÍàäîÂÑðåäíåì×ÍàäîÒåñòîâ−ÁûëîÂÑðåäíåì×ÁûëîÒåñòîâ
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Ýêîíîìèÿ ìûøëåíèÿ

Ìî¼ âûñòóïëåíèå áëèçêî ñâÿçàíî ñî ñòàòüåé:

A. V. Borovik, Economy of thought: a neglected principle of

mathematics education, in Simplicity: Ideals of Practice in

Mathematics and the Arts (R. Kossak and Ph. Ording, eds.).
Springer, 2017, pp. 241 � 265. http://bit.ly/293orpk

Ìîè ñòàòüè ïðî ìàòåìàòè÷åñêîå îáðàçîâàíèå ñîáðàíû òóò:

I http://www.borovik.net/selecta/about/

I http://www.borovik.net/selecta/my-papers/


